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Àííîòàöèÿ
Ðàññìàòðèâàåòñÿ çàäà÷à îïðåäåëåíèÿ ðàñïðåäåëåíèÿ íàïðÿæåíèé â îêðåñòíîñòè ðàç-
ðåçà. Ñîñòîÿíèå îáîëî÷êè ñ ðàçðåçîì ïðåäñòàâëÿåòñÿ êàê ðåçóëüòàò äâóõ âîçäåéñòâèé -
íàãðóçêè è âîçìóùåíèÿ, ñâÿçàííîãî ñ íàëè÷èåì ðàçðåçà. Îáà ñîñòîÿíèÿ ðàññìàòðèâàþò-
ñÿ îäíîâðåìåííî. Íàëè÷èå ðàçðåçà ìîäåëèðóåòñÿ ôèêòèâíîé äåôîðìàöèåé, ïðèëîæåííîé
íà áåðåãàõ ðàçðåçà. Îáðàòíàÿ çàäà÷à ôîðìóëèðóåòñÿ â âàðèàöèîííîé ïîñòàíîâêå. Ïðè-
âîäÿòñÿ ðåçóëüòàòû âëèÿíèÿ íåëèíåéíîñòè è óðîâíÿ äåéñòâóþùåé íàãðóçêè íà çíà÷åíèå
êîýôôèöèåíòà êîíöåíòðàöèè íàïðÿæåíèé.
Êëþ÷åâûå ñëîâà: òîíêîñòåííàÿ îáîëî÷êà, ðàçðåç, íåëèíåéíîå íàïðÿæåííî-
äåôîðìèðîâàííîå ñîñòîÿíèå, îáðàòíàÿ çàäà÷à, êîýôôèöèåíò êîíöåíòðàöèè íàïðÿæåíèé.
1. Ïîñòàíîâêà çàäà÷è
Äëÿ îïèñàíèÿ ïðîöåññà äåôîðìèðîâàíèÿ òîíêîñòåííîé îáîëî÷êè ñ ðàçðåçîì èñ-
ïîëüçóåòñÿ ñèñòåìà íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèç-
âîäíûõ, ïîñòðîåííàÿ íà îñíîâå íåëèíåéíûõ ãåîìåòðè÷åñêèõ ñîîòíîøåíèé òåîðèè
ïîëîãèõ îáîëî÷åê:
G(U(X)) = 0 (1)
ñ ãðàíè÷íûìè óñëîâèÿìè
L (U(X;H)) = 0; (2)
çäåñü X = fx; y; zg  âåêòîð ïðîñòðàíñòâåííûõ êîîðäèíàò; G(); L ()  çàäàííûå
äèôôåðåíöèàëüíûå îïåðàòîðû, êîòîðûå äåéñòâóþò â îáëàñòè 
 , çàíÿòîé îáîëî÷-
êîé, è íà êîíòóðå   îáëàñòè 
 ñîîòâåòñòâåííî; U(X)  âåêòîð-ôóíêöèÿ ïåðåìå-
ùåíèé â íàïðàâëåíèÿõ x; y; z .
Íà áåðåãàõ ðàçðåçà ôîðìóëèðóþòñÿ óñëîâèÿ:
íà ïîïåðå÷íîì ðàçðåçå x = xp
T11(xp; y) = 0; T12(xp; y) = 0;
M11(xp; y) = 0; Q1(xp; y) = 0 (3)
íà ïðîäîëüíîì ðàçðåçå y = yk
T22(x; yk) = 0; T12(x; yk) = 0 (4)
M22(x; yk) = 0; Q2(x; yk) = 0;
ãäå Tij ;Mij ; i; j = 1; 2 - òàíãåíöèàëüíûå óñèëèÿ, èçãèáàþùèå è êðóòÿùèå ìîìåíòû;
Qi - ïîïåðå÷íûå ñèëû, âûðàæåííûå ÷åðåç ïåðåìåùåíèÿ.
Íåîáõîäèìî ïîñòðîèòü êàðòèíó ÍÄÑ îïèñàííîé îáîëî÷êè ïðè âûïîëíåíèè óñëî-
âèé (3), (4) âî âñåé îáëàñòè èçìåíåíèÿ íàãðóçêè, òàêîé, ÷òî íå âûçûâàåò ïåðåñå÷å-
íèÿ áåðåãîâ ðàçðåçà.
2 Í.È. ÎÁÎÄÀÍ, Í.À. ÃÓÊ
2. Ìàòåìàòè÷åñêàÿ ìîäåëü
Äëÿ îïðåäåëåíèÿ äåéñòâèòåëüíîãî ÍÄÑ â çîíå ðàçðåçà èñïîëüçóåòñÿ ïîñòàíîâ-
êà, ïðåäëîæåííàÿ â ðàáîòå [1].
ÍÄÑ îáîëî÷êè ñ ðàçðåçîì ïðåäñòàâëÿåòñÿ êàê ðåçóëüòàò äâóõ âîçäåéñòâèé 
íàãðóçêè è âîçìóùåíèÿ, ñâÿçàííîãî ñ íàëè÷èåì ðàçðåçà. Íåîáõîäèìî îòìåòèòü, ÷òî
â ñèëó íåëèíåéíîñòè çàäà÷è îáà ñîñòîÿíèÿ ðàññìàòðèâàþòñÿ îäíîâðåìåííî, à íå â
âèäå ñóììû íåçàâèñèìûõ ñëàãàåìûõ. Íàëè÷èå ðàçðåçà ìîäåëèðóåòñÿ ôèêòèâíîé
äåôîðìàöèåé, ïðèëîæåííîé íà áåðåãàõ ðàçðåçà, êîòîðàÿ îïðåäåëÿåòñÿ èç óñëîâèé
(3), (4). Â êà÷åñòâå ôèêòèâíûõ äåôîðìàöèé âûñòóïàþò äåôîðìàöèÿ ñðåäèííîé
ïîâåðõíîñòè "0ij è êðèâèçíà ñðåäèííîé ïîâåðõíîñòè k
0
ij .
Åñëè ðàçðåç ðàñïîëîæåí íà ëèíèè x = xp , òî
"011 = [u(y)]l(x  xp) +
@w
@x
[w(y)]l(x  xp) + 1
2
[w(y)]2l (x  xp);
"022 = 0; "
0














ãäå u; v; w - ïåðåìåùåíèÿ â íàïðàâëåíèÿõ x; y; z; i - óãîë ïîâîðîòà.
Ïðè ðàçðåçå, ðàñïîëîæåííîì âäîëü ëèíèè y = yk
"011 = 0; "
0
22 = v(x)]q(y   yp);
"012 = [u(x)]q(y   yp);
k011 = 0; k
0








Ñêà÷êè ïåðåìåùåíèé íà áåðåãàõ ðàçðåçà èìåþò âèä:
[(x)] = +(x; yk + 0)   (x; yk   0); 8x 2 l
[(y)] = +(xp + 0; y)   (xp + 0; y); 8y 2 q
l1  y  l2; q1  x  q2; l = [l1; l2]; q = [q1; q2]:
Òàêèì îáðàçîì, â êà÷åñòâå íåèçâåñòíûõ ôèêòèâíûõ âîçäåéñòâèé âûñòóïàþò
ñêà÷êè ïåðåìåùåíèé u = [u]; v = [v]; w = [w]; 1 = [1]; 

2 = [2] íà ñîîòâåò-
ñòâóþùèõ áåðåãàõ ðàçðåçîâ, à â êà÷åñòâå èçâåñòíûõ óñëîâèé  óñëîâèÿ (3), (4).
Ñôîðìóëèðóåì çàäà÷ó îá îïðåäåëåíèè íåèçâåñòíîé âåêòîð-ôóíêöèè H =
fu; v; w; 1 ; 2g , êàê îáðàòíóþ çàäà÷ó, ïðè ýòîì áóäåì èñïîëüçîâàòü åå âàðèàöè-
îííóþ ôîðìóëèðîâêó. Òîãäà íåèçâåñòíûå ñêà÷êè ïåðåìåùåíèé ìîæíî îïðåäåëèòü
óñëîâèÿ
~H = argminJ( ~H;U)
~H2H
(5)
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ãäå çíà÷åíèÿ ôóíêöèé Tij , Mij , Qi , âû÷èñëåííûå ÷åðåç ïåðåìåùåíèÿ, ÿâëÿþòñÿ
ðåøåíèåì ïðÿìîé çàäà÷è (1), (2) ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ êîìïîíåíò âåêòîð-
ôóíêöèè H = fu; v; w; q1 ; q2g .
3. Ìåòîä ðåøåíèÿ
Â êà÷åñòâå ìåòîäà ðåøåíèÿ ïðÿìîé çàäà÷è èñïîëüçóåòñÿ ìåòîä êîíå÷íûõ ýëå-
ìåíòîâ. Äëÿ îïèñàíèÿ íåèçâåñòíûõ ôóíêöèè ïðÿìîé è îáðàòíîé çàäà÷è U(X) ,
H(X) èñïîëüçóþòñÿ ñîîòâåòñòâóþùèå àïïðîêñèìàöèè ÷åðåç èõ óçëîâûå çíà÷åíèÿ.
Ñåòêè äëÿ ðåøåíèÿ ïðÿìîé çàäà÷è òåîðèè îáîëî÷åê è îáðàòíîé çàäà÷è ãåíåðèðî-
âàëèñü àâòîìàòè÷åñêè ñî ñãóùåíèåì â îáëàñòè ðàçðåçà, øàã äèñêðåòèçàöèè îïðå-
äåëÿëñÿ âûïîëíåíèåì óñëîâèÿ äîñòèæåíèÿ çàäàííîé òî÷íîñòè ðåøåíèÿ, â îêðåñò-
íîñòè ðàçðåçà ðàçìåð ýëåìåíòà ñîñòàâëÿë 0:05l .
Ïîñëå âûïîëíåíèÿ ïðîöåäóðû ìåòîäà Ðèòöà áûëà ïîëó÷åíà ñèñòåìà íåëèíåéíûõ
óðàâíåíèé äëÿ îïðåäåëåíèÿ óçëîâûõ çíà÷åíèé ïåðåìåùåíèé â âèäå:
K(U;H) = R0 +R(H) (6)
ãäå U = fUig , i = 1; N - âåêòîð óçëîâûõ ïåðåìåùåíèé; R0 è R(H) - ïðîåêöèÿ âåê-
òîðà íàãðóçîê è íåèçâåñòíûõ êàê íà÷àëüíûõ äåôîðìàöèé "0ij , 
0
ij [1]; K  íåëèíåé-
íàÿ ìàòðèöà æåñòêîñòè; N  ÷èñëî óçëîâ êîíå÷íî-ýëåìåíòíîé ìîäåëè îáîëî÷êè.
Äëÿ ðåøåíèÿ íåëèíåéíîé ñèñòåìû àëãåáðàè÷åñêèõ óðàâíåíèé áóäåì èñïîëüçîâàòü
èòåðàöèîííûé ïðîöåññ U (n) = U (n 1) +U (n)










ãäå H(n) îïðåäåëÿåòñÿ èç óñëîâèÿ (5) ïðè U = U (n 1) ñ ïîìîùüþ ìåòîäà Íüþòîíà
êàê H(n) = H(n 1) +H(n) .
Ïðèðàùåíèÿ ê êîìïîíåíòàì âåêòîðà íà÷àëüíîãî ïðèáëèæåíèÿ H(n) îïðåäåëÿ-
þòñÿ ñ èñïîëüçîâàíèåì èòåðàöèîííîé ôîðìóëû:









 ; j = 1; P ; P - ÷èñëî óçëîâ êîíå÷íî-ýëåìåíòíîé ñåò-
êè íà áåðåãó ðàçðåçà; n  íîìåð èòåðàöèè ìåòîäà Íüþòîíà; èòåðàöèîííûé ïðîöåññ
ïðîäîëæàåòñÿ äî âûïîëíåíèÿ óñëîâèÿ (3) èëè (4) ñ çàäàííîé òî÷íîñòüþ.
Ìàòðè÷íûå óðàâíåíèÿ (7), (8) ðåøàþòñÿ ñ ïîìîùüþ ïàêåòà COSMOS ìåòîäîì ïðî-
äîëæåíèÿ ïî ïàðàìåòðó.
4. Àíàëèç ïîëó÷åííûõ ðåçóëüòàòîâ
Ñ ïîìîùüþ ïðåäëàãàåìîãî àëãîðèòìà ïðîâåäåí ÷èñëåííûé ýêñïåðèìåíò äëÿ
îáîëî÷êè L=R = 3 ; R=h = 70 ; R = 70ìì; E = 2  104ÌÏà;  = 0; 3 , èìåþ-
ùåé ïîïåðå÷íûé ðàçðåç äëèíîé 2l è íàõîäÿùåéñÿ ïîä äåéñòâèåì îñåâîãî ñæàòèÿ
4 Í.È. ÎÁÎÄÀÍ, Í.À. ÃÓÊ
P . Ïðè ðàçëè÷íûõ çíà÷åíèÿõ äëèíû ðàçðåçà 2l (l=R = 0; 025; 0; 065; 0; 105) èñ-
ñëåäîâàëîñü âëèÿíèå ó÷åòà íåëèíåéíîñòè è, ñîîòâåòñòâåííî, óðîâíÿ íàãðóçêè, íà
çíà÷åíèå êîýôôèöèåíòà êîíöåíòðàöèè íàïðÿæåíèé. Äëÿ ñðàâíåíèÿ áûëè âûïîë-
íåíû àíàëîãè÷íûå ðàñ÷åòû ñ ïîìîùüþ ïàêåòà COSMOS áåç ó÷åòà óñëîâèÿ (3).
Íà ðèñ. 1, 2 ïðèâåäåíû çíà÷åíèÿ íà÷àëüíûõ äåôîðìàöèé "011 â çàâèñèìîñòè îò óðîâ-
íÿ íàãðóæåíèÿ. Ðàññìîòðåíû ðàçëè÷íûå óðîâíè íàãðóæåíèÿ: (1)  P = 0; 1Pêð ; (2)
 P = 0; 5Pêð ; (3)  P = 0; 9Pêð , ãäå Pêð  çíà÷åíèå êðèòè÷åñêîé íàãðóçêè òîíêî-
ñòåííîé îáîëî÷êè, ïîëó÷åííîå â ðàñ÷åòå äëÿ êàæäîãî ðàçìåðà ðàçðåçà.
Ðèñ. 1. Ðèñ. 2.
Íà ðèñ. 3 è ðèñ. 4 ïðèâåäåíû çàâèñèìîñòè êîýôôèöèåíòà êîíöåíòðàöèè íàïðÿ-
æåíèé k1 îò óðîâíÿ íàãðóæåíèÿ è îòíîñèòåëüíîé äëèíû ðàçðåçà ñîîòâåòñòâåííî.
Ïîñòðîåííûå íà ðèñ. 4 çàâèñèìîñòè ñîîòâåòñòâóþò ðàñ÷åòàì, âûïîëíåííûì äëÿ
ðàçíûõ óðîâíåé äåéñòâóþùåé íàãðóçêè ñ ó÷åòîì óñëîâèÿ (3) (íà ðèñ. 4 îáîçíà÷åíû
ñïëîøíûìè ëèíèÿìè), è ñ èñïîëüçîâàíèåì ïàêåòà COSMOS áåç ó÷åòà ýòîãî óñëî-
âèÿ (íà ðèñ. 4 îáîçíà÷åíû ïóíêòèðíûìè ëèíèÿìè). Ìàêñèìàëüíîå íàïðÿæåíèå 11
îïðåäåëÿëîñü êàê ñðåäíåå èç çíà÷åíèé íàïðÿæåíèé íà ýëåìåíòàõ, ïðèëåãàþùèõ ê
âåðøèíå òðåùèíû íà ðàññòîÿíèè
p
l=R .
Ðèñ. 3. Ðèñ. 4.
Èç ïðèâåäåííûõ ãðàôèêîâ âèäíî, ÷òî ðàñ÷åò, âûïîëíåííûé áåç ó÷åòà óñëîâèÿ
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(3), äàåò áîëåå íèçêèå çíà÷åíèÿ êîíöåíòðàöèè íàïðÿæåíèé. Ïðè ýòîì õàðàêòåð
çàâèñèìîñòè îò óðîâíÿ íàãðóæåíèÿ ñîõðàíÿåòñÿ, à çíà÷åíèÿ êîýôôèöèåíòà k1
çàâèñÿò îò óðîâíÿ íàãðóæåíèÿ. Íåìîíîòîííàÿ çàâèñèìîñòü k1 îò äëèíû ðàçðå-
çà ïðîÿâëÿåòñÿ ïðè çíà÷åíèè l=R = 0; 065 . Íåîáõîäèìî îòìåòèòü, ÷òî èìåííî
ýòîò ðàçìåð ðàçðåçà ðàâåí äëèíå ïîëóâîëíû, õàðàêòåðèçóþùåé ïðîãèá îáîëî÷êè.
Àíàëèç ïîëó÷åííûõ ðåçóëüòàòîâ ïîêàçûâàåò, ÷òî çäåñü òàêæå ñîõðàíÿþòñÿ ñâîé-
ñòâà òîíêîñòåííûõ îáîëî÷åê, ïðèñóùèå ëþáîé íåîñåñèììåòðè÷íîé äåôîðìàöèè [6],
è ñîñòîÿùèå â íåìîíîòîííîé çàâèñèìîñòè ÍÄÑ îò óðîâíÿ íàãðóçêè â îáëàñòè íà-
ãðóçîê áëèçêèõ ê êðèòè÷åñêèì çíà÷åíèÿì. Òàêèì îáðàçîì, ïðè ðåøåíèè çàäà÷è î
ñòàðòå òðåùèíû â òîíêîñòåííîé ñèñòåìå íåîáõîäèìî ó÷èòûâàòü óðîâåíü íàãðóæå-
íèÿ (åãî áëèçîñòü ê êðèòè÷åñêèì çíà÷åíèÿì). Ïðè âûïîëíåíèè ÷èñëåííûõ ðàñ÷å-
òîâ äëÿ îïèñàíèÿ ïîâåäåíèÿ íà áåðåãàõ ðàçðåçà, íåîáõîäèìî èñïîëüçîâàòü ìîäåëü
ñâîáîäíîãî êðàÿ òèïà (3), (4), â îòëè÷èå îò ñòàíäàðòíûõ ìîäåëåé, èñïîëüçóþùèõ
òîëüêî óñëîâèå ñâîáîäû ïåðåìåùåíèé ïî ëèíèè òðåùèíû.
Summary
N.I. Obodan, N.A. Guk. Determining a nonlinear stress-strain state of shell with cuts by
the method of inverse problem.
The problem of determining the stress distribution in the vicinity of the cut for thin-walled
shell is considered. As a result of the two components - stress and perturbation associated
with the presence of the cut the state of the shell with cuts is described. Both conditions are
considered simultaneously. The ctitious deformation, which applied to the edges of the cut,
the availability of the cut is simulated. In the variation formulation the inverse problem is
presented. The dependences of level of the load on the stress concentration factor values are
presented.
Key words: thin-walled shell, cuts, nonlinear stress-strain state, inverse problem, stress
concentration factor
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